We calculate the radiation noise level associated with the spontaneous emission of a coherently driven medium. The significant field-induced modification of relation between the noise power and damping constant in a thermal reservoir is obtained. The nonlinear noise exchange between different atomic frequencies leads to violation of standard relations dictated by the fluctuation-dissipation theorem.
Introduction -Investigation of fluctuations in open systems (both quantum and classical) is important in many different areas of physics being the subject of incessant general physical interest [1] [2] [3] [4] [5] . One of the major results in this field is the Fluctuation-Dissipation Theorem (FDT) [6] . The use of the universal relation between relaxation and fluctuation properties of the medium imposed by FDT turned out to be highly fruitful in the theory of radiation-matter interaction [7] . But in its "standard" variant the FDT is not applicable for nonlinear processes that are of great interest. The theory developed in [8] for calculation of polarisation fluctuations in the presence of coherent drive at the combinational frequency seems to be not applicable for the case of resonant interaction with the medium since it is based on the methods of perturbation theory. Meanwhile one of the most interesting applications of the theory of fluctuations is connected specifically with the resonant control of quantum medium. A number of attractive effects of quantum optics, based on preparation and manipulation of nonclassical states of light with the extremely low dispersion of some physical quantities (squeezed, entangled and so on) [9] are related to these processes. The detailed analysis of Langevin sources influence on the preparation of nonclassical states of light in different nonlinear resonance regimes have been carried out in a wide range of papers [10] [11] [12] [13] [14] [15] [16] . But in most of papers the consideration was restricted to the case of zero temperature. So only the principal possibility of suppression of intrinsic quantum fluctuations in dissipative media was investigated. The additional noise having a thermal nature associated with the processes of spontaneous emission in the environment is a major factor that destroys the ideal quantum state of light. The possibility of suppression (squeezing) of "thermal" fluctuations due to the same mechanisms of nonlinear interactions was considered in the paper [17] , but the authors used a simplified method estimating the noise source as for non-interacting oscillators.
In this Letter we develop the general method for calculation of correlation characteristics of the noise Langevin sources for a quantum field in a coherently driven resonant dissipative atomic medium being in contact with a thermal reservoir. The developed theory combines formulation of universal relations (similar to FDT) with peculiarities of specific systems. We apply this method to consider the Λ−scheme of Electromagnetically Induced Transparency (EIT) which is the basis for many mechanisms of nonclassical light manipulation (see, for example [11-15, 18, 19] ). We theoretically predict the effect of drastic field induced modification of thermal noise source for quantum radiation.
Formalism -We consider the interaction of a signal photon field with an atomic medium. The atoms have energy levels W m (corresponding energy states |m ). They can be driven by any classical coherent field. The atomic system is open being under the influence of the dissipative reservoir. The atoms-quantum field system is described by the set of coupled Heisenberg-Langevin equations. Using continuous medium approximation we describe the ensemble of atoms with collective coordinate-dependent density operators [13, 15, 20] defined aŝ
where index j numerates the atoms within the small volume ∆V r in the vicinity of point with radius-vector r, ρ j;mn = |n j m| j is the Heisenberg projection operator acting on variables of atom with index j. Within the Heisenberg-Langevin approach the operatorρ mn obeys the equation [20] :
whereĥ mn = W m δ mn −d mnÊ (r, t) is the matrix element of the Hamiltonian operator taking into account interaction of atoms with the electric fieldÊ (r, t) in the dipole approximation,R mn is the relaxation operator, andF mn is the Langevin noise operator satisfying F mn = 0, where averaging is taken over the reservoir variables.
The electric field operatorÊ (r, t) obeys the equation (see for example [8, 20, 21] ):
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where the operator of electric polarization is expressed via the density operators asP (r, t) = m,n d nmρmn , which in turn are the solution of the Eq. (2) .
For a wide range of regimes of interaction between quantum radiation and dense atomic medium the linear approximation is applicable, whereas the nonlinear response, as well as Langevin effects can be taken into account as small additional terms to the linear relation [18, 20] :
The functions χ
iωτ dτ presents the Hermitian and antiHermitian components of the susceptibility of a medium.
The Fluctuation-Dissipation Theorem (FDT) in its standard form [7, 8] defines the relation between the spectral density of fluctuations of polarisation in the medium with anti-hermitian component of the medium's susceptibility:
where n T (ω) = e ω/T − 1 −1 is the averaged number of "thermal" photons at frequency ω. This relation is true for the unperturbed stationary medium which is in thermal equilibrium with the reservoir at temperature T with the additional assumption of delta-correlation in space. The question arises: can the FDT relation Eqs. (5) be used for the coherently driven medium? We show that it is not sufficient just to take into account the driveinduced modification of dissipation properties at the operating frequency (drive intensity dependence χ aH (I d )) and drive-induced pumping (effective change of the medium temperature). The modification of Eq. (5) may be much more significant even for the case of relatively weak driving, much less than the saturation level. And the EIT system represents a shining example of that.
To obtain the correlation functions for the noise polarization δP L , we start with the analysis of correlation properties of Langevin operators in atomic equations Eq. (2)F mn ("noise forces"). Then calculating the noise response in a medium we finally get the noise polarisation that is the Langevin source for the quantum field. Note that we ignore the influence of any other, independent of atomic system, reservoir on the quantum field, supposing that in any case it can be considered additively and it does not depend on the drive action.
Correlations of atomic Langevin operators -The important point is that the properties of Langevin noise operatorsF mn in Eq. (2) are connected with the properties of relaxation operatorsR mn [22] . The standard model for the relaxation operators corresponds to the so-called Bloch-Redfield equations [22] , wherê
In a simplest form the nonzero coefficients r mnpq set the rates of transverse and longitudinal relaxation:
The model of constant relaxation rates is in definite sense equivalent to the condition of δ-correlated in time noise source. It is the result of the Markov approximation [22] . So that we can use the expression:
This approximation allows one to use so-called generalized Einstein relations [9, 23] for calculating the diffusion coefficients D mnpq (r, r , t):
Next, we assume that the action of reservoir on different atoms is independent, so that fluctuations of density matrix operators for different atoms are not correlated (ρ mn;j − ρ mn;j ) (ρ pq;i − ρ pq;i ) ∝ δ ij . Taking into account also the strict equality, that should be fulfilled for each atom by definition of density matrix operators: ρ mn;jρpq;j =ρ pn;j δ mq , we get for the averaged product of space-dependent density matrix operators the following relation:
The expression for the diffusion coefficients Eq. (9) with regard to Eqs. (10), (2), (6) finally takes δ-correlated in space form:
where
In particular, the correlation functions of the Langevin sources for the "off-diagonal" operators (m = n,p = q) taking into account Eq. (7) are given by a simple expression:
2D mnpq (r, t) = δ mq (γ mn + γ pq ) ρ pn + R pn .
(13) With the final aim to calculate the noise polarization δP L as the noise source for the quantum radiation Eq. (4) we use the approximation when the atomic response at the Langevin force can be found neglecting quantum field action. At the same time the atomic system is assumed to be driven by a [24, 25] . However we neglect this effect here.) Thus, the autocorrelation function for Langevin operator at some transition m − n is modified due to field-induced redistribution of populations:
Besides, the excited coherence at some transition a − b generates the non-zero correlations of Langevin sources at adjacent atomic transitions:
It is useful to derive the expression for the spectral components of the Langevin operatorsF mn (r, t) = +∞ −∞F mn (r, ω) e −iωt dω. Under the approximation of constant populations and amplitude of drive-induced coherence in resonant approximation ρ nn = const, ρ ba = σ ba e ∓iω d t b≷a
, σ ba = const, we get from Eq. (14) and Eq. (15):
Noise polarization in the EIT scheme -Apply the obtained relations Eq. (16), (17) to the calculation of the noise source for quantum radiation, interacting with three-level atoms under EIT conditions (see Fig. 1 
From the first of this expressions Eq. (18) one gets the dielectric susceptibility at frequency ω ≈ ω p of coherently driven medium with its anti-Hermitian part:
here ∆ = ω − ω 31 . From the second equation Eq. (19) with the use of Eqs. (16), (17) 
the intensity of noise source for the radiation at frequency ω p will depend not only and not so much on the "noise force" at the resonant transition |3 − |1 but on the parametrically transferred "noise force" acting at the adjacent low frequency transition |2 − |1 and correlations between these forces. Taking into account
where χ aH (ω, Ω d ) is defined by Eq. (20) . And the first relation Eq. (22) demonstrates the correctness of calculations, since it gives the right commutator, that can be obtained for the radiation with narrow spectrum just from the requirement of preserving commutation relation for the field operators obeying equations with dissipation. The second relation Eq. (23) is written in the form analogous to FDT Eq. (5), but now the drive-induced modification of dissipation parameter χ aH is taken into account, and instead of averaged number of "thermal" photons at frequency ω the parameter S appears, that is defined by the expression:
It is evident from Eq. (24) that the contribution of S to the spectral density of fluctuations of polarization is not zero due to the presence of nonzero excitations in the atomic system. It is the noise source related to spontaneous emission processes. It finally defines the spectral density of energy of noise radiation in a medium. It is important that the factor S depends explicitly on drive-field intensity. For Ω d = 0 one gets S = ρ 11 /n 31 that is equal to n T (ω 31 ) for the medium in thermal equilibrium with reservoir. To express the quantity S over the temperature for arbitrary drive intensity it is necessary to calculate the redistribution of atoms over levels induced by the drive wave. To this end we should specify the relaxation operatorsR jj . Using a simple form Eq. (7) we expressR jj in term of equilibrium (in the absence of drive) population distribution r
/T ) and longitudinal relaxation times, defined for transitions |i − |j as T ij = (A ij (n T (ω ij ) + 1)) −1 , where A ij are the Einstein coefficients. Finally we get the following expressions for the stationary populations:
Using the simplest relation between transverse and longitudinal relaxation rates, corresponding to the radiation limit, we can state that the condition γ 21 << γ 31 , following from Eq. (21), can be realized if T 21 T 31 , T 32 ; r due to an action of a sufficiently strong drive wave and fast relaxation from the upper level. Otherwise the EIT regime would easily transform from "transparency" regime to "instability" (so-called Amplification Without Inversion (AWI) [26] ) just due to populating of level |2 . It is shown that AWI is achieved for narrow range of dissipative parameters [27] . We propose simple condition T 31 ≈ T 32 , under which the AWI is impossible. Then for the strict resonance ∆ = 0 and Eq.(21) we get the following ex-pression:
(26) Under the same conditions for χ aH EIT we get:
The remarkable point is that due to the process of drive induced parametrical transformation of noise the parameter S is defined by the number of thermal photons at low frequency ω 21 . In the absence of thermal photons at high frequency (T ω 31 ) (but finite spontaneous emission rate at low frequency transition A 21 = 0) we get a simple relation:
It is noteworthy that the parameter S, that defines the number of spontaneously emitted photons at high probe frequency in driven medium, can be much larger than unity. For physical parameters typical, for example, for Rb vapour widely used in experiments the formula Eq. (28) can be applied for estimation of noise polarization level at probe frequencies (λ = 794nm) even for home temperature. In accordance with this formula the thermal noise, defined by the number of thermal photons at splitting frequency ω 21 = 2π × 6.83GHz, becomes significant at temperature T ∼ 1K. It follows from Eq. (26) that under ideal condition of zero spontaneous relaxation rate A 21 = 0 the averaged number of noise photons will be defined by the parameter
that is less than unity but much higher than the same factor for a number of spontaneously emitted photons in the absence of drive exp(− ω 21 /T ) >> exp(− ω 31 /T ). Eq. (29) should be used also for the limit of zero splitting frequency ω 21 → 0, since at that A 21 → 0, n T (ω 21 ) → ∞, but A 21 n T (ω 21 ) → 0, so that we get S(ω 21 → 0) → 1. But beyond the radiation approximation the presented approach requires an adjustment for being valid at the limit ω 21 → 0. The problem is that the relaxation model Eq. (7) should be modified if so called secular approximation is violated [28] , that will induce modification of the correlation functions for the noise operators. In summary, we have revealed the effect of significant field-induced modification of the quantum radiation noise in a thermal reservoir. For the three-level scheme with resonant driving and long-lived low-frequency coherence the obtained relation predicts that in the EIT medium the thermal noise level for the radiation in stationary regime can be significantly higher than in the linear regime without driving, since it is determined by an averaged number of thermal photons at low frequency. But it is necessary to keep in mind that the time (or depth) of establishing this noise solution being determined by the reduced (EIT) decrement is much longer than it is in a linear media.
